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The main result of this paper is: 
THEOREM I. Let J be the Janko simple group of or&r 27 . 35 . 5 . 17 . 19. 
Then J has nine conjugacy classes of maximal subgroups: 
(A) Five classes of p-local subg,gloups: 
(1) ff = E\A, (2) T\S, (3) Ee\(& x A,> (4) -&\PGL,(9) 
(5) p\-G 
(B) Four classes of norrnalizeu of nouabelian simple groups: 
(6) PSL,(l7) (7) PSL,(19) (two classes) (8) PSL,(lG)\Z, . 
In the above A\B denotes an extension of group A by group B (i.e., 
A 4 (A\B) and B g (A\B)/A. E and T are groups of order 25 and 26 . 3, 
respectively, and will be described in Section 1. P is a Sylow 3-subgroup of J. 
A, and &, respectively denote the alternating and symmetric groups of 
degree n, 2, is a cyclic group of order n and Eg,, is an elementary abelian 
group of order p’” for p a prime. 
1. INTRODUCTION 
In any finite simple group G every maximal subgroup M is the normalizer 
in G of some characteristically simple subgroup K of G. The subgroup K 
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may be any one of the minimal normal subgroups of &I. Given a maximal 
subgroup 1G3 of G, if any one of the minimal normal subgroups of M is 
solvable and thus an elementary abelian p-group (p a prime), then II4 is said 
to be a local, or more precisely, ap-local subgroup of 6;. If there is no solvable 
K for the given maximal subgroup M, then K must be a direct product of 
mutually isomorphic simple groups. We therefore have a dichotomy of the 
maximal subgroups of G into those which are local and those which are not. 
Since 2 and 3 are the only primes dividing the order of J to higher than 
the first power, all nonsolvable characteristically simple subgroups of J are 
simple. We make free use of Janko’s paper [6] in which the existence of _I 
was conjectured and the character table of J was given, the paper of Higman 
and McKay [Sj in which the existence of J was announced and some sub- 
groups of J were found, and the paper of McKay and Wales [7] in which it 
was proved that J has a Schur multiplier of order 3 and where the character 
table of the corresponding covering group was given. 
The conjugacy classes of elements of J will be denoted (YZ) where an 
element a of (?L) has order n. When n = 3, this notation is refined by the 
introduction of subscripts 1 and s to distinguish between those elements of 
order 3 which are not central in any Sylow 3-subgroup and those which are. 
For later reference we list in Table I the classes of J, -the order of the 
centralizer of a representative lement of the class, and in the few cases where 
TABLE I 
2’ . 3” . 5 . 17 . 19 i 
21 . 3 .5 E\A 
25 . 3 
23 
23 . 33 . 5 z, x ‘2, 
35 
33 
23 . 3 
2” - 3 
2-3-S z, x s, 
2.5 
3-5 
17 
19 
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it is needed, the structure of the centralizer of that representative. In the table 
(ti) denotes a pair of real classes where each class consists of the 7th powers 
of elements in the other class, (19) denotes a pair of classes with each class 
consisting of the inverses of elements in the other class, and finally (8) 
denotes a triple of real conjugacy classes of elements where the members of 
any two of the classes are the squares and fourth powers, respectively, of 
elements in the remaining class. 
We will also make frequent use (especially in Sections 5 and 6) of the 
following counting lemma. 
LEMMA 1. Let K be a proper subgroup of H zuhere H itself is a proper 
subgroup of G. The set of all conjugates of K in G which are also subgroups of H 
fall into r conjugacy classes of subgroups of H. Let KI , K, ,..., K, be repsesen- 
tatives of these r conjugacy classes of subgroups of H. Then the mmber of 
conjugates of H in G to which K belongs is given by: 
[N,(H): H-J-l i [N,(K,): N,(K,)]. 
i=l 
Proof. The number of conjugates of H in G is evidently [G : N,(H)]. 
Each conjugate of H in G contains x’lzl [H : N&K,)] of the conjugates of K 
in G. The product of these numbers is therefore the number of conjugates 
of K in G, namely [G : N,(K)], each conjugate of K counted with the 
multiplicity it appears as a subgroup of a conjugate of H in G. It follows 
therefore that the number of conjugates of H in G to which K belongs must 
be given by: 
[G: N,(H)] i [H: N,(Ki)] divided by [G: N,(K)]. 
i=l 
After rearranging the terms we arrive at the desired conclusion. 
Remark. If H is a self normalizing subgroup of G (for instance if His a 
maximal subgroup of a simple group G) then the above reduces to 
On the other hand, if H has only one conjugacy class of subgroups isomorphic 
to K, or more generally if Y = 1, which happens for instance if K is a Sylow 
p-subgroup of H for some prime p, then the above becomes 
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Finally, if both of these situations occur simultaneously, i.e., Ii is self 
normalizing in G and r = 1, then everything reduces to 
[NG(K) : IV,(K)]. 
We will use whichever form we need in a given situation without any 
additional comment. 
2. ~-LOCAL SUBGROUPS OF J 
J has only one conjugacy class of involutions. If a is an involution in J and 
H = CJ(~), then H/O,(H) s A, , the alternating group of degree 5, and 
E = O,(H) is an extraspecial group of order 25 which is a central product of 
dihedral and quaternion groups of order 8. In particular Z(E) = (u>, and if 
,8 E E - Z and p E H -- E are involutions then they are the representatives 
of the two conjugacy classes of noncentral involutions of H. Let R = (a, /3), 
and T = (01, p). Then C,(R) = C,(R) is of order 26 . 3 while C,(T) = 
C,(T) = P is elementary abelian of order 2*. In particular, R and T are 
representatives of the two conjugacy classes of elementary abelian subgroups 
of order 2” of /. (P roofs of these facts may be found in Jar&o’s paper [6].3 
LEMNIA 2.1. dozy ehzeatazy abelian szlbgroup U of ordeer 2-k of J is corljugate 
to l’. NJ(V)/ v g 2, x A, . 
Proof. Since all involutions of J are conjugate U is conjugate to a sub- 
group of H. However, U is not conjugate to a subgroup of E < H because 
E has no elementary abelian subgroups of order greater than 2”. Therefore, 
U contains a conjugate of p E H - E and thus a conjugate T’ of T = ,.:a, p>. 
But then U = C,( T’) is conjugate to C,(T) = V as claimed. That iVJ( k’)/ k 
has the required structure is proved in [6]. 
LEMMA 2.2. Any elenzezztary abelian szcbgroup Wof order 2% of J is coyhgnte 
either to R or to T. N,(R)/C,(R) E S, , tlze synzmetric group qf degree 3, while 
NJ( I’) <, iVJ( I’). 
B,oof. Since all involutions of J are conjugate, W is conjugate to a 
subgroup W of C,(U) = H. But H has only two conjugacy classes of 
elementary abelian subgroups of order 2” with representatives R and T. 
That R and T are not conjugate in J follows from the fact that their respective 
centralizers in J have different orders. That N,(R)/C,(R) G S, follows from 
the fact that a and a/I are conjugate in C,(p) while /3 and a/3 are conjugate in 
C,(U). Finally, N,(T) normalizes C,(T) = V so that NJ(T) < N1( I’). 
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LEivrnfA 2.3. Any elementary abelian subgroup E’ of order 2” of J is conjugate 
to a subgroup of V. ,41so, IV,(Y) is conjugate to a subgroup of NJ( V). 
Boof. Arguing as in Lemma 2.1 we have that I’ contains a subgroup T’ 
conjugate to T. But then C,(Y) = C,(T’) is a conjugate of V = C,(T) 
which proves that Y is conjugate to a subgroup of V. As before, N,(Y) 
normalizes C,(Y) = C,( T’) so that NJ Ii) is a subgroup of N,(C,( T’)) which 
is conjugate to N,(F). 
Summarizing we have: 
LEnlnla 2.4. If a 2-local subgroup of J is a maximal subgroup of J, then it 
must be conjugate to one of the following: 
(a) H=C,(ol) oforder 25.22.3.5 =27.3.5 
(b) lv,(V oforder 24.3.28.3*5=26.32*5 
(4 NJ(R) oforder 26.3.2.3 =27.3z 
Remark. It will be shown in Section S that each of the above subgroups 
of J is in fact maximal. 
3. 3-~0124~ SUBGROUPS OF J 
Before going into the 3-local analysis we summarize some facts about a 
Sylow 3-subgroup P of J, These may- be found in [6]. The commutator 
subgroup P’ of P is elementary abelian of order 33. All elements of P - P’ 
have order 9 so J has elementary abelian subgroups of order at most 33. 
Z(P) < P’ has order 3” and all nonidentity elements of Z(P) are in the class 
(3,) of elements of J while all elements of P’ - Z(P) are in the class (3,). 
It follows that products of commuting elements from class (3.J are again in 
(32) so that in any elementary abelian 3-subgroup A of J the elements of this 
subgroup which lie in (3,) together with the identity element form a subgroup 
2 with the property that A is normal in N,(A) and thus that N,(A) ,( N,(,4). 
In view of this, if one is interested only in those 3-local subgroups of J which 
might be maximal in J one can restrict attention to the normalizers of those 
elementary abelian 3-subgroups with the property that all of their nonidentity 
elements are either in (3,) or (3J. Such subgroups are called 3,-pure or 3,-pure 
respectively. It is clear that J has 3,-pure subgroups of order at most 3 and 
3,-pure subgroups of order at most 3”. 
LEMMA 3.1. If B is a 3,-pure subgroup of order 3 of J, then C,(B) g 
B x PSL,(9) s B x A, . Furthermore, iV,(B)/B s PGL,(9). 
Proof. Let ,R b e a generator of R. Then c,(B) = C&E) which is 
known [6] to be (fl> x PSL,(9). Since /3 and p-l are conjugate in JY 
N@)/C,(B) E .Z2, the cyclic group of order 2. Thus C,(B)/B g d, e 
PSL,(9) is a subgroup of index 2 in AT,(B),‘B. If Ai,(B)/B were Z, ‘2~ PSL,(9) 
then there would be an involution 01, namely the generator of the Z, , which 
centralizes a group of order 3” contradicting the known structure of 
H = C,(a). Therefore, IVJ(B)/B is a subgroup of index 2 in Aut(&) 2 
PTL,(9). However, PGL,(9) is the only subgroup of index 2 in Pi-L,(9) in 
which there are two conjugacy classes of elements of order 5 (as in J) so that 
NJ(B)/B must be PGI49) as claimed. 
LEMMA 3.2. If A is a 3,-pure subgroup of order 3” of J, then CJ(Aj is a 
Sylow 3-subgroup P of J and d = Z(P). Therefore ali .such d’s are conjugate 
and iYJ(A) = N,(P). Furthermore N,(A)/C,(-4) s Z8 . 
Proofs Since 3 = Z(P) by the above remarks about Syiow 3-subgroups 
of J, and since Z(P) is characteristic in P, A is normal in N;(P) so that 
NJ(P) < iVJ(A). On the other hand, N,(A) normalizes C,(A) = P so that 
N,(S) ~1 NJ(P) which proves NJ(A) = ,VJP). That lVJ(P)/P g. Z, is 
shown in [6]. 
Lmma 3.3. Ij’ C is a 3,-pure subgroup of order 3 of J, then ;G;(C) is 
coxjugate to a subgroup of N,(P). 
Proof. If p is a generator of C then C,(p) has order 35 and thus is a Syiow 
3-subgroup of J. Since N,(C) normalizes C,(C) which is a Sylow 3-subgroup 
of J, we have that N,(C) is conjugate to a subgroup of XJ(P> as claimed. 
Summarizing we have: 
LEh4MA 3.4. If a 3-local subgroup of J is a marimal subgroup of 1, then it is 
conjugate to one of the folloz0ing: 
(a) itT,(B) = Z,\PGL,(9) of order 3 . 2” . 3” . 5 = 2” . 3” . 5 
(b) NJ(Z(P)) = NJ(P) of order 35 . 23 1 23 . 36 
Remark. It will be shown in Section 8 that each of the above is in fact 
a maximal subgroup of J. 
4. P-LOCAL SUBGROUPS OF J FOR p = 5, 17, MD 19 
LEMMA 4.1. If F is a Sylozv j-subgroup of J, then C,(F) s F x S, and 
NJ(F)iCJ(F) z Z, the elements of NJ(F) - C;(F) acting iwerting@ on F. 
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Proof. If u is a generator of F, then this all follows from the known 
structure of CJo) and the fact that 0 is conjugate to 0-l but not to u*s in J. 
LEhrnfa 4.2. If S is a Sylow p-subgroup of J for p = 17 01’ 19, tkerc 
C,(S) = S and NJ(S) c’s a Frobenius group of order p(p - 1)/2. 
Proofi This follows from the fact that for each p, elements of order p 
are self centralizing in J and the fact that J has exactly two conjugacy classes 
of elements of order p = 17 or 19. 
Remark. llrJ(F) above is conjugate to a subgroup of the group N,(B) of 
3.4(a) while N,(S) above is conjugate to a subgroup of J isomorphic to 
PSL,(q) for q = 1 S /. In particular, neither N,(F) nor the JVJ(S)‘s can be 
maximal subgroups of J. 
5. NORMALIZERS OF SIMPLE SUBGROUPS OF J 
The order of J is 2’ .35 . 5 . 17 . 19 = 50,232, 960 and since it is obvious 
from the character table of J that J has no subgroups of index less than 170, 
any proper subgroup of J must have order less than one million. It follows 
then from M. Hall’s partial classification of simple groups of order less than 
one million [4], that a simple proper subgroup of J must be isomorphic to 
one of A,, A, , PSL,(17), PSL,(19), PSL,(lG), or PSU42). The last possi- 
bility is ruled out by the fact that all elements of order 5 are conjugate in 
PSL’,(Z) while there are two classes of elements of order 5 in J. That J has 
subgroups isomorphic to each of the remaining possibilities is shown in [5], 
where the proofs involve generators and relations using a presentation of J. 
In order to determine the conjugacy classes and normalizers of the simple 
proper subgroups of J we use the fact that all such subgroups are generated 
by two of their elements. The classes in J to which these two elements and 
their product belong are determined. Thereafter, upper bounds for the 
number of conjugacy classes of such subgroups are determined from the 
class multiplication coefficients of J and the corresponding coefficients for 
the simple subgroup. All these coefficients may be computed from the 
character tables of the respective groups in a routine way [2]. We begin with: 
DEFINITION. A subgroup L of J has type (/, m, n) if L = <a, ,B> with 
01 E (e), p E (m), and ~$3 E (n). The notation for classes being that of Table I. 
LEMMA 5.1. Any subgroup of J isomorphic to: 
(a) PSL,(16) has type (2, 3,) 15) 
(b) PSLs(19) has type (2, 39 ,9) 
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(c) PSL,( 17) has type (2,3, ,9) 
(d) A, = PSL,(S) has type (2, 3,) 5) or (2, 3,) 5) 
Proof. That each of the above groups is generated by two elements of the 
appropriate orders with product of the appropriate order is an elementary 
fact about the groups PSL,(q). Identifying the classes of elements of these 
subgroups with the appropriate classes of elements of J is accomplished by 
observing that the elements of order 3 in PSL,(16) commute with elements 
of order 5 in PSL,(16) and thus must in the class (3,) of /, while the elements 
of order 3 in PSL,(g) (q = 17,19) are cubes of elements of order 9 in P%,(q) 
and thus must be in the class (3J of J. Th e rest follows from the table of 
class multiplication coefficients of J. 
The first illustration of our method is: 
LEMMA 5.2. J has exactly one conjugacy class of subgroups isomorphic to 
PSL,( 16). 
Proof. From Lemma 5.1 a subgroup of J that is isomorphic to PSL,( 16) 
has type (2, 3, , 15). So let h be an element of (15j and let d = A(2, 3, , X) = 
((01, /3) E J x J / 01 E (2), /? E (3,), ~/3 = h}. It follows from the class multi- 
plication coefficients of J that the order of A is 25. If iU is any subgroup of J 
which contains h and is isomorphic to PSL,(16), let 
= ((a, p) / a: E Af n (2), p ~&l n (3,), I$ = A> 
(as the last condition in the middle expression is redundant). Furthermore, 
M n (2) and M n (3,) are conjugacy classes of elements of M, so from the 
character table of PSL,(I6) one can compute that the order of A,, is 15. 
This means that every such slubgroup M contributes 15 to the order of A. 
Since the order of A is 25 < 2(15) there can only be one such subgroup M 
and thus only one conjugacy class of subgroups of J isomorphic to PSL,( 16). 
Remark. The remaining 10 = 25 - 15 elements of A arise from Z, x -Qs 
subgroups of J, of which there are two conjugacy classes in the centralizer 
of an element of (3,), the latter group being isomorphic to 2, x -gfi . 
LntirnrA 5.3. If A4 is a subgroup of J isomorphic to PSL,(16), then NJ(M) 
is isomorphic to an extension of PSL,( 16) by a Jield automorphism .$ order 2. 
Proof. As before, C,(M) = 1 so that N,(M) is isomorphic to a subgroup 
of Aut(M). However Aut(M) is just the extension of n/r by a field auto- 
morphism of order 4. If NJ(M) were isomorphic to Aut(M) then all elements 
of order 5 of NJ(M) would be conjugate for this is true in Aut(M). On the 
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other hand J has two conjugacy classes of elements of order 5 so this is 
impossible and we conclude that IV,(M) . is a proper subgroup of Aut(M). 
It is shown in [4] that J contains a subgroup isomorphic to an extension of 
PSLs(16) by an outer automorphism of order 2. Thus NJ(M) is isomorphic 
to an extension of M by a field automorphism of order 2. 
Next, we turn our attention to the subgroups of 1 which are isomorphic 
to PSL,(19) or PSLs(17). First, we need a bit of information about outer 
automorphisms of J and this information can be found in [5]. The group / 
has an outer automorphism u which interchanges the two conjugacy classes 
of elements of order 5 in J. Therefore, if J = (J, zl) then no element of 
J - J can centralize an element of order 5 of J because every element of 
J - J, acting by conjugation, interchanges the two conjugacy classes of 
elements of order 5 in J. 
LEMMA 5.4. J has an even number of conjugaq classes of subgroups iso- 
morphic to PSL,( 19). 
Proof. With u the above outer automorphism of J let L be a subgroup 
of J that is isomorphic to PSL,( 19) an d consider LU. If L and L” were conjugate 
in J, then LU = L” for some g E J and then the outer automorphism ‘u = ug-1 
of J normalizes L. But L = (L, v) < 1 must be isomorphic either to PGL,( 19) 
or to PSL,(19) x 2, so in any case there is an element of z -L < / - J 
which centralizes an element of order 5 in L < J contradicting the above 
remark about outer automorphisms of J. It follows therefore that L and L’” 
could not have been conjugate in J and thus that J has an even number of 
conjugacy classes of subgroups isomorphic to PSL,(19). 
LEMMA 5.5. J has exactly two conjugacy classes of subgroups isomorphic 
to PSL,(19) and one class of subgroups isomorphic to PSL,( 17). 
Proof. Let h E (9) (in J) and let A = 4(2,3,, A) = {(a, /3) E J x J / a E (2), 
/3 E (3J, $I = A>. Then A has order 162 and is permuted in six orbits of 
order 27 each under conjugation by C,(X). This follows from the fact that 
C,(h) is a group of order 27 all of whose nonidentity elements either have 
order 9 or lie in (3.J and therefore cannot commute with any elements of 
order 2 of J and so cannot fix any of the pairs in A. Now let P be a subgroup 
of J which contains h and is isomorphic to PSL,(q) for q = 19 or 17. It 
follows from Lemma 4.1 that P has type (2, 3, , 9). Next, if A’ = A’(h) = 
((01, /3) E P >: P 1 012 = 1 = 83, $I = A} then the order of A’ is 18 (as one 
may compute from the character table of PSL,(q)) and A’ is permuted in two 
orbits of order 9 each under conjugation by C,(A) = (A). If (a, /3) and (a’, /Y) 
lie in distinct orbits of C,(h) on A’ then they lie in distinct orbits of C,(X) on 
A, for if A, is the orbit of C,(X) containing (01, /3), then under conjugation by 
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the subgroup (h) of C,(X), ,4, is permuted in three orbits of order 9 each 
and these orbits are permuted cyclically by any element u of order 3 in 
C,(X) - <:,A>. Now let (01~) ,E&) = (LY, Bp and (x2, /J) = (aI s /3,)’ = (x, Fp’. 
Then the groups P = (a, ,%), Pa = (01~) ,Brj and Pa” = (a2 , &J are all 
distinct as otherwise P = Pa = PO’ so that P is normalized by the element 0 
of order 3 which is in J but not in P. However Aut(P)/Inn(P) = 2, has no 
elements of order 3 so o must centralize P contradicting the fact that the 
elements of Cl(h) do not centralize any elements of order 2 of /. Since 
P + PC + Pa2 f P, (CU, p) and (a’, ,iY) w K are in distinct orbits of <h.> h’ h 
on il’ must be in distinct orbits of C,(X) on d since (a, ,@ =: P = <IX’? ,B’>~ 
This shows that each such subgroup P of J contributes two orbits of d under 
conjugation by C,(X). Since there are six orbits there are exactly three such 
subgroups. Since it is known that J has subgroups isomorphic to PSL,(17) 
and PSL,(19), and since (by Lemma 5.4) the number of conjugacy classes 
of P&!&(19)-subgroups is even, J has exactly two conjugacy classes of 
PSL,(19)-subgroups and exactly one conjugacy class of PSL,( 17)~subgroups. 
LEMM.~ 5.6. If P is a subgroup of J isomorphic to PSL,(q) for q = 19 or 
17, then NJ(P) = P. 
Proqf. First, it is evident that C,(P) = 1 as can be seen by considering 
the intersection of the centralizers in J of elements of order 3 and 9 in P. 
Thus NJ(P) = XJ(P)/C,(P) which is isomorphic to a subgroup of 
hut(P) = PGL,(q). However in PGL,(q) (q = 19, 17) the elements of order 
q are in one conjugacy class while they fall into two conjugacy classes in J 
so NJ(P) must be a proper subgroup of Aut(P) which means it must be P 
since P is the only proper subgroup of Aut(P) which contains .P. 
6. SUBGROUPS OF J ISOMORPHIC TO -4, 
In order to determine the conjugacy classes of subgroups of J which are 
isomorphic to /I5 s PSL,(S) we use a counting theorem for conjugacy 
classes of subgroups isomorphic to PSL,( p) in certain (not necessarily simple) 
groups. This is a refinement of Lemma 2.1 of our earlier paper 131. 
T’rmomn,r 6.1. Let p > 5 be a prime and assume (2,), (3,) and (pit) are 
conjugacy classes of elements (of orders 2, 3, and p, respectively) in a group G. 
Let h be a ftxed element of ( pl,) an d assume that X is conjugate to AEn if and oaly 
if the integer m is a quadratic residue (i.e., a square) module p. The order of the set 
4 = A(& , 3, , A) = ((E, ,Bj E G X G j a! E (2,), /I E (3jj, a,3 = X) 
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is simply the class algebra coeflcient c. ai3jDk which, as zue have already observed, 
can be computedfrom the character table of G. Let A, be the subset of A consisting 
of those pairs (ol, /3) such that (01, /3> z PSL,( p). Then the number of conjzcgacy 
classes of subgroups of G isomorphic to PSL,(p) and of type (2, , 3, , pk) is the 
number of orbits of C,(h) acting by conjugation on A, . Finally, if ICI = (CI, ,B) 
with (01, 8) E A, then C,(M) is the stabilizer of (ol, /I) in the actiotl of C,(h) on A, . 
Proof. Let (01~) /3,) and (as, pa) be two elements of A, and let 
L, = (01~ , /Ii>, L, = (a2 , ps>. It suffices to show that if L, = LIg for some 
g E G, then there is an h E G such that (ala ,/3s) = (01~) 8;)“. First, we may 
assume 01s = o1rg because all elements of order 2 in L = PSL,(p) (in particular 
~.s and 01~9) are conjugate in L, . Next, let /3rg = p so that +p = a1g/3rg = 
(&3,)g = hg. In other words, 01s = Xgp-I. Next, let 
Since L, n (3,) and L, n (p7J are conjugacy classes of elements of L, (the 
latter because of our assumption that h and hm are conjugate in G if and only 
if m is a quadratic residue modulo p) the order of @s can be computed (from 
the character table of PSL,(p)) to be p - E where E = + 1 or - 1 according 
as p is congruent to + 1 or - 1 modulo 4. Furthermore, C,Z(olJ, which also 
has order p - E, acts transitively on @s because the elements of CL,(c+) do 
not centralize any elements of order p in L, . Since (h, ,Q’) and (hg, p-l) are 
both in @s , there is an element k E CLp(c+) such that (X, /3c1) = (M, ~-l)~. In 
particular, (~-l)~ = ,!I,’ so ,& = px‘. But then (01~ , /3r)gk = (0119, /3,g)7c = 
(01s) p)” = (aek‘, p”) = (01~ , Be) so that gk is the required element lz of G 
such that (01~ , br)” = (aa , ,Q. The last assertion follows from the fact that 
an element (5 of J stabilizes (01, /3) iff it centralizes both a and g and thus the 
group (a, p> = iv. 
Remark. The assumption that h and x”” are conjugate in G if and only if 
m is a quadratic residue modulo p is essential because for p = 5 the group 
Mn, , which is the stabilizer of a point in the quadruply transitive Mathieu 
group of degree 11 and for which this assumption is false, is an example 
of a group in which C,(h) has two orbits on d,, while there is only one 
conjugacy class of subgroups isomorphic to PSL,(S) = A, in Mr, . 
Remark. Although we use Lemma 6. I here only in the case where p = 5, 
where one has for free that A = A, because (01, /3 1 ol” = B3 == 1 = (a/J)“? 
is a presentation for /I, , the theorem can be applied in the cases p > 5 
to obtain useful upper bounds on the number of conjugacy classes of 
subgroups of G isomorphic to PSL,(p). 
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LEMMA 6.2. If R is a subgroup of ] isomorphic to A,, then -Ai, = 
R x C,(R). 
Proof. N,(R)/C,(R) is isomorphic to a subgroup of Am(R) = S, and 
this subgroup must be proper because all nonidentity elements in a subgroup 
of order 5 in S, are conjugate in S, while this is not so in J. Therefore, 
N,(R)/C,(R) = R so that N,(R) = RC,(R) and the product is direct because 
R is simple and R and C,(R) centralize each other. 
LEMMA 6.3. J has exactly one conjugacy class of subgroups isomorphic 
to A, and of type (2, 3, , 5) and the centralizey in J of arzJi such subgroztp is 
isomorphic to Z, , the cyclic group of order 2. 
Proof. If X E (5) then A = A(2, 3, , X) has order 15. Now CJ(;\) = 
(hj x S, acting by conjugation on A is either transitive or has an orbit 
A, of order 5. In the latter case, if (a, p) E A, then the stabilizer of (a, p) in 
C,(h) is S’s so that CJ(,<a, /3)), is S, as well. However an examination of the 
conjugacy classes of elements of order 3 in the group (a, p) x S, (using 
Section 2) reveals that they are all in (3,) which contradicts the fact that J 
has 3,-pure subgroups of order at most 3. Consequently, C,(h) is transitive 
on A and the result follows from Lemma 6.1. 
LEMMA 6.4. J has four conjugacy classes of subgroups isomorphic to A, 
and of type (2, 3,) 5). The subgroups in three of these classes do not centralize 
atiy -nonidentity elements of J zuhile the ctmtralizer ir, J of a subgroup in the 
remaining class is a 31-pure subgroup of ordeer 3 of J. 
Proof. If X E (5), then A = A(2, 3,) h) has order 100. In the action (by 
conjugation) of C,(h) = (X) x S, on A the stabilizer of a pair (01, /3) E A has 
order either 1 or 3 because this stabilizer is the intersection of CJ(/3)I which is 
a 3-group, and CJ(ol), which has Sylow 3-subgroups of order 3. It follows 
that each orbit of C,(h) on A has order either 30 or 10. If (01, 8) is in an orbit 
of order 10, then Q = CJ<ol, /3>) is a 3r-p ure group of order 3. On the other 
hand, any subgroup of J isomorphic to A, x 2, (for instance (,01, /3) x Q) 
is conjugate in J to a subgroup of C,(Q) and since N,(Q) has only one 
conjugacy class of subgroups isomorphic to As x Z, , there is at -most one 
orbit of order 10. It follows then that there are exactly four orbits, three of 
order 30 and one of order 10. The rest follows from Theorem 6.1. 
As a consequence of Lemma 6.4 we introduce some notation which will 
be used in the following section. We let 921, (i = 1, 2, 3,4) denote the four 
conjugacy classes of subgroups of J which are isomorphic to A, and are of 
type (2, 3, , 5) the notation being chosen in a way so that each subgroup in 9& 
centralizes some 3,-pure subgroup of order 3 of J while the subgroups in 
the first three classes do not centralize any nontrivial subgroups of J. 
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Next, we show that for each &,-subgroup R of J there is a PSL,(19)- 
subgroup of J containing R if and only if R is self normalizing in J (i.e., 
R E ~22~ for i = 1,2, or 3). 
LEMMA 6.5. If R is an &subgroup of J wh ’ h zc is contaiyied in a PSL,( 19)- 
subgroup L of J, then R is self normalixing in J. 
Proof. By Lemma 5.1 the elements of order 3 in L are in (3J so R must 
be of type (2, 3, , 5). Therefore, if R is not self normalizing then R E 2?d so 
that C,(R) = Q is a 3,-pure subgroup of order 3 of J. Since R is a maximal 
subgroup of L and since L does not normalize Q, it follows that R = NL(Q). 
Therefore, Q is in an orbit of length [L : N,(Q)] = [L : R] = 57 of L 
acting by conjugation on the 3,-pure subgroups of order 3 of J. But 57 = 2 
mod(5) so an element A of order 5 in L must fix (i.e., normalize and in fact 
centralize) at least two 3,-pure subgroups of order 3 in J. Ilowever C,(A) = 
(A) x Sa has a unique 3,-pure subgroup of order 3 and this contradiction 
shows that R must be self normalizing in J. 
LEMMA 6.6. An &-subgroup of J belongs to at most one member of each 
conjugacy class of PSL,(19)-subgroups of J. 
Proof. Let L be a PSL,( 19)-subgroup of J and let P be a Sylow 5-subgroup 
of L. Since [N,(P) : N,(P)] = 3, exactly three conjugates of L in J (including 
L itself) contain P. If (T is an element of order 3 in CJ(P) = P x Ss , then 
acting by conjugation (T cyclically permutes these three conjugates of L 
(because G #L and L is self normalizing in J) so they will henceforth be 
denoted L, Lo, and Lop. If p is the (unique) element of order 2 in C,,(P), then 
(y, u} = Sa is a complement to P in C,(P) and acting by conjugation p 
fixes L and interchanges La and Lo2 (because (LO)u = Lad = LO’). Next, 
assume there is an /&-subgroup of J which belongs to at least two conjugates 
of L. Some conjugate of this da-subgroup contains P and thus is contained 
in at least two of L, La, and L@‘. Conjugating this by an appropriate power of 
0, if necessary, we may assume that the resulting -&-subgroup R is contained 
La n La2 and is in fact equal to this intersection (because A, is a maximal 
subgroup of PSL,(lB)). Now p $ R b ecause p $LU, but on the other hand 
R” = (LO n Ld)u = La2 n La = R so that p normalizes R contradicting 
Lemma 6.5 which asserts that if R is an &-subgroup of some PSL,(19)- 
subgroup of J then R is self normalizing in J. Consequently, no &-subgroup 
of J is contained in more than one conjugate of L, where L is an arbitrary 
PSL,( 19)-subgroup of J. 
LEMMA 6.7. Let L be a PSL,(19)-subgroup of J. Then two A,-subgroups 
of L which are not conjugate in L are not conjugate in J. 
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Proof. If P is a Sylow 5-subgroup of L, then exactly four &-subgroups 
of L contain P because L has two conjugacy classes of &-subgroups 
and if R is a representative of either of these classes then exactly 
[N,(P) : N,(P)] = 2 conjugates of R contain P giving the total of four. 
If o is an element of order 3 in C,(P) then L” and Lo2 each contribute four 
more &-subgroups containing P and the previous Lemma 6.6 guarantees 
that these twelve are all distinct. If all the .&-subgroups of L were conjugate 
in J, then the above twelve &subgroups of J would contain P and would 
all be conjugate in J. However, P is contained in only [hi;(P) : N&P)] = 6 
conjugates of any self normalizing -&.-subgroup of J so the above twelve 
9,-subgroups containing P must fall into two distinct conjugacy classes of 
-&-subgroups of J. 
LEMMA 6.8. For each self-no~naalixing A,-subgroup of J there is a PSL,( 19)- 
subg~~oup of ] containing it. 
Proof. Again let L be a PSL,(l9)-subgroup of J and P be a Splow 
j-subgroup of L. Also, let M be a PSL,(19)-subgroup of J which contains 
P but is not conjugate to L in J. Let R and S be representatives of the two 
conjugacy classes of &subgroups of M. By the previous lemma &subgroups 
from two of the three conjugacy classes of self normalizing d,-subgroups 
of J are conjugate in ] to subgroups of L. Consequently, the lemma is true 
unless both R and S are conjugate in ] to subgroups of L an assumption 
which leads to the following contradiction. Again by the previous lemma, 
the two conjugates of R (resp. S) in M which contain P must be contain.ed 
one each in two of the three subgroups L, LO, and Lc’. In particular, two of 
these four subgroups of M (the two conjugates of R and the two conjugates 
of S which contain P) must be contained in L” for x = 1, c?, or ug. Since 
A, is a maximal subgroup of P.SL,(l!I), these two subgroups generate M 
on the one hand and L” on the other hand so that M = L” contradicting 
the assumption that iid and L are not conjugate in 3. This proves the lemma. 
Notation. Let gZ be the class of A,-subgroups of J which arise as the 
intersection of nonconjugate PSL,(19) subgroups of J. 
7. SUBGROUPS OF J IS~~TORPHIC TO A, 
The goal here is to show that J has precisely one conjugacy class of 
subgroups isomorphic to -4,) namely those that occur in e&3) with p E (3,). 
LEMMA 7.1. If A is a subgroup of J which is isomorphic to A, then ad3 
elements of order 3 bz A are in (34. 
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Proof. A, has two conjugacy classes of elements of order 3 which are 
interchanged by an appropriately chosen outer automorphism of A,, so any 
Sylow 3-subgroup S of A, contains equally many (i.e., four) elements from 
each class. However, we have seen in Section 2 that in any abelian 3-subgroup 
T of _7, the identity element together with the elements of T n (3,) form a 
subgroup of T. It follows that S must be either 3,-pure or 3,-pure and since 
J has no 3,-pure subgroups of order 3” it must be 3,-pure which proves the 
assertion. 
COROLLARY 7.2. If an AS-subgroup R of J is contained in some A,-subgroup 
of J, then R has type (2, 3, , 5). 
Let A be a subgroup of J whose Sylow 3-subgroups are 3,-pure. For 
instance, any subgroup of J isomorphic to 4, and of type (2,3?, 5) or 
isomorphic to A, will do. Then each Sylow 3-subgroup Q of A belongs to a 
unique Sylow 3-subgroup of J, namely C,(Q). Furthermore, distinct Sylow 
3-subgroups of A never belong to the same Sylow 3-subgroup P of J because 
being in Z(P) they would centralize each other contradicting the fact that 
distinct Splow p-subgroups (p a fixed prime) never commute in any group. 
At this point we see that A(A) = (C,(Q) / Q E Sy1,(,4)} is a collection of 
Sylow 3-subgroups of J on which a natural transitive action of A is defined 
by the rule CJ(Q)o. = C,(p) (u E A) and this action is isomorphic to the 
action of A acting by conjugation on its Sylow 3-subgroups. Using these 
facts we have: 
LEMMA 7.3. An AS-subgroup of J is contained in at most one AS-subgroup 
of J- 
Proof. Let A and B be two &subgroups of J, both of which contain 
the A,-subgroup R of J. By Lemma 6.2 R is of type (2, 3a, 5) and then 
we observe that A(A) = A(R) and also that A(B) = A(R) so that 
A = A(A) = A(B) = A(R) which means that G = <A, B) is a transitive 
subgroup of the group of all even permutations of the ten element set A. 
(G must be a group of even permutations because A and B both consist of 
even permutations of A.) Therefore G is isomorphic to a transitive subgroup 
of -4,, and G has transitive subgroups (A and B) isomorphic to -4, . This 
implies that G is isomorphic either to ,4,, or to a subgroup of n/r,, , the 
group of even permutations in the (unique) permutation representation of 
degree 10 of Aut(A,). The first possibility cannot occur because the order 
of A,, does not divide that of J. In the second case G has a normal, and thus 
unique, subgroup isomorphic to -4, , so A == B = (A, B) =- G z A, . 
COROLLARY 7.4. J has at most four conjugacy classes of A,-subgroups. 
MAXIMAL SUBGROUPS 137 
COROLLARY 7.5. If -4 is an ,&-subgroup of J which does not centralize any 
nofztrimkl subgroup of J, then every A,-rubgroup of d is iz si foF i = 1, 2, or 3. 
Proof. If R is an &-subgroup of J lying in s’s then A centralizes a 3,-purr 
subgroup T of J and therefore R is contained in the unique $-subgroup 
of C,(T) s T x A, . 
It is clear that J has precisely one conjugacy class of 9, subgroups which 
centralize nontrivial subgroups of J. Assume now that A is an &subgroup 
of J with C,(a) = 1. By Corollary 7.5, an &-subgroup of -4 is in g’i for 
i = 1, 2 or 3. _II will be said to have type (gi , gj) if representatives of the 
two conjugacy classes of &-subgroups of d are in g’a and $Z;i respectively. 
The remainder of this section is devoted to showing that an il, subgroup of 
j must have type (a4 , s4), and therefore must centralize a &-pure subgroup 
of J. 
LEMMA 7.6. If A is an A, subgroup of J of type (Si , Bij thex 
N,(A)jC,(A) z PGL,(9j. 
Proof. Let R and S be &-subgroups of d which are not conjugate in 
d. By assumption, R and S are in g’i and hence are conjugate in J. Let .g be 
an element of J such that Rg = S. By the argument of Lemma 7.3 A(A) = 
A(R) = /l(S) so that g acting by conjugation induces a permutation of /l(A). 
We have therefore that cL4, g, C,(A)) is a group of permutations of A(A), 
so that in other words there is a homomorphism of (-4,g; C,(A)? into the 
symmetric group of degree 10 such that the image of this homomorphism 
is a transitive group of degree 10 properly containing d, (th.e image of -4). 
The kernel of this homomorphism must be C,(A) and arguing as in Lemmas 
3.1 and 7.3 the image of this homomorphism must be isomorphic to PGL,(9). 
COROI.LARY 7.7. If eaely &subgroup of J of type (2, 3, , 5) is contained 
ilz an A,-subgroup of J, thex J has at least two conjugacy classes of subgroups 
isomorphic to PGL,(9). 
Proof. This follows from Lemma 6.3 and the previous result. 
The next series of lemmas will be used to show that J has esactly one 
class of subgroups isomorphic to PGL,(9), namely those which normalize 
&-pure subgroups of J. 
LEnfMA 7.8. J has exactly two cozjugacy classes of A’,-subgroetps of type 
(2, 3, ,4). The members of on.e class centralize subgroups of order 3 of J while 
the members of the other class are self normalizing ik J. 
Proof. First, we remark that (or, /3 ) C? =: p3 = (+?)’ = 1) is a presen- 
tation of S, . Second we observe that there is a conjugacy class of S,-subgroups 
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of J which centralize 3,-pure subgroups of order 3 of J. For if Q is a 3,-pure 
subgroup of order 3, then C,(Q) E Q x A, and A, has exactly two classes 
of S4-subgroups which are, of course, fused in V,(Q) since fV,(Q)/Q -G 
PGLa(9) which has only one conjugacy class of S,-subgroups. It is clear 
that any S,-subgroup of J which centralizes a subgroup of order 3 in J is 
conjugate to one of the above, so there is only one class of S,-subgroups of J 
which centralize a subgroup of order 3. Next, choose X E (4) and let 
d = d(2, 3, , X), which has order 128. As we have seen before, C,(X), which 
in this case has order 25 . 3, acts on d by conjugation. For any (a, fl) Ed, 
the stabilizer of (a, p), which is also the centralizer in J of (Al, /I>, is on the 
one hand a 3-group because ,k3 E (3,), and on the other hand has order 
dividing 25 . 3, so it must have order either 1 or 3. In the first case (CL’, /I) 
belongs to an orbit of order 96 and in the second case to an orbit of order 32. 
Since there is only one conjugacy class of S,-subgroups which have centralizer 
of order 3, there is only one orbit of order 32, and therefore the remaining 
128 - 32 = 96 elements of 4 are an orbit of order 96. The S,-subgroups 
generated by (CL, /3) from an orbit of order 96 have trivial centralizer in J, 
and since S, has no outer automorphisms, these S,-subgroups are even 
self normalizing subgroups of J. 
Remarks. J has no S,-subgroup of type (2, 3, (4) because 3(2, 3r , h) 
(h E (4)) is empty. The two classes of S,-subgroups of J can be distinguished 
by their normal elementary abelian subgroups of order 4, as in one case these 
have centralizer of order 2” . 3 in J and in the other case they have centralizer 
of order 24 in J. This implies that J has at least two conjugacy classes of 
&subgroups, the elements of one class centralize subgroups of order 3 of 
J and the elements of the other class have trivial centralizer in J. The two 
classes of S,-subgroups of J may be further distinguished by their Sylow 2 
subgroups, as in one case these centralize subgroups of order 3 of J and in 
the other case they have centralizers in J of order a power of 2. 
LEMMA 7.9. J has exactly two conjugacy classes of A,-subgroups of type 
(2, 3, , 3J. The members of one class centralize subgroups of order 3 of J while 
the members of the other class do not. 
Proof. First, (a, ,L? / 01~ = p” = ($?)“> is a presentation of L14. Next, if 
X E (3a), then 4(2, 3, , X) has order 324, and C’,(X), which in this case has order 
35, acts on d by conjugation. These orbits can only have length 81 or 243 
and since there is at least one orbit of each of these lengths by the above 
remark, it follows from the fact that 81 -+ 243 = 324 that these are the 
only two orbits. 
COROLLARY 7.10. Every A, subgroup of type (2, 3, , 3,) in J is contained 
in an S, subgroup of type (2, 3, ,4). 
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LEMMA 7.11. j has exactly two conjugacy classes of D,-subgroqs. If PI 
and PP ase reppresentatkes of these classes then: 
CJ(Pl) Lz OJ, CJ(P,) EYE z, x z2 
ihTJ(Pl) has order ZG . 3 ,“i’(P,,) has order 2”. 
Proof. We first note that (a, p ! 01% = p” = (0113)’ = 1, is a presentation 
of D, . We then observe that if h E (4): B = Q(2,2, X) has order 2X and 
any subgroup of J isomorphic to D, is conjugate in J to (01, /Q for some 
(01, p) E 4. Our object is to show that C,(X) acting on JJ by conjugation has 
orbits d, and 8, with j d, / = 4 and / d, 1 = 24. The first part of our lemma 
may then be deduced by setting PI = ial, &> for (q . ,Er) Ed, and 
P, = ,.:Lx2, PI?> for (Lx2 ) p2) E A,. 
Let 8 = X’ and H = C,(S). We list certain properties of H: proofs of 
which may be found in [6]. 
(i) If r is an involution in H - O,(H) then C,(T) z E,: . 
(ii) There exists involutions a and /3 in H - O,(H) such that BP =- h 
(this follows from the character table of H). 
(iii) -Any involution which centralizes X is contained in O,(H). 
Let x2 and ,8a be involutions of H satisfying (ii) and let P2 = c<c+ , &j‘ 
By (i) and (iii), the stabilizer in C,(X) of (aa , /3& which is CJ(P& is an 
elementary abelian subgroup of O,(H). But O,(H) has elementary abelian 
subgroups of order at most 2a so C,(P,) g Z, x Z, . This accounts for the 
orbit A, . The remaining 4 points of A all generate the same D,-subgroup so 
it suffices to prove that if (0~~ , j3,) E A - A, and P1 = ::olr I PI> then C,(P,) E 
Q,Za . We may assume that PI < O,(H) so that C,(Pl) z g8 ~ Let F be a 
3,-pure subgroup which centralizes PI . Then F is in the center of its 
normalizer in C,(P,). Applying Sylow’s theorem we find that j C,(P,)\ = 23 . 3 
and hence C,(P,) is as described. 
It now remains to determine j NJ(Pl)i and 1 -%i;(P&. J has precisely 7 
D,-subgroups which contain T = (h). LV~(T) acts by conjugation on this 
set and has two orbits. The orbit containing P1 has length 1, hence 
i IV,(P,)/ = 26 . 3 and the orbit containing Pt has length 6, hence 
1 lvJ(P,i1 = 25. 
~EMRIA 7.12. J has only one conjugacy class of D,-subgroups. 
Proof. Let E be a cyclic group of order 8 generated by an element p of 
J. Then each Da-subgroup of J which contains E contributes eight elements 
to 3(2, 2, y). However the order of this set is exactIy -eight so there is only 
one conjugacy class of D,-subgroups containing E. Since there is only one 
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conjugacy class of cyclic subgroups of order 8 of J, all the Ds-subgroups 
of J must be conjugate in J. 
Remark. The two D,-subgroups of a Ds-subgroup H of J are not con- 
jugate in J, for if (6) = Z(H) then only one D,-subgroup of H is contained 
in WCAW 
LEMMA 7.13. Let H be a subgroup of J isomorphic to D, afzd let K be a 
subgroup of J isomorphic to S, such that H n K c D4 . Then (H, K) is a 
proper subgroup of J. 
Proof. We will apply the so-called “Brauer Trick” [l] using H, K and 
an irreducible character x of J of degree 85. If a, b and d are the multiplicities 
of the principal character in the restriction of x to H, K and H n K respec- 
tively, then a = 8, 6 = 7 and d = 14. Since a + 6 > d, it follows that 
(H, K) is properly contained in J. 
Let (PI) and (Pz) d enote the two classes of D,-subgroups of J such that 
for PI E (PI), 1 N,(P,)I = 2” . 3 and for Pz E (Pz), 1 N,(P,)l = 25. Also let 
(KI) and (Kt) denote the two classes of S,-subgroups of J such that the 
subgroups of (k;) centralize a subgroup of J of order 3 and the subgroups 
of (K,) are self normalizing in J. Setting 
~‘2,~ = {(H, K) j H s D, , K E (Ki), H n K E (Pj)> (i,j = 1 or 2), 
it follows from the remarks preceding Lemma 7.9 and Lemma 7.13 that 
fira and 9,, are empty. The order of Qn,, may be computed by multiplying 
the number of pairs of Qi, which intersect in a given PI E (PI) by the number 
of conjugates of PI in J. In fact PI is contained in six Ds-subgroups of J and 
eight subgroups of (K,), so that 48 pairs of J2r, intersect in PI. Hence 
( Q1r j = 48[J : N,(P,)] = 25 . 35 . 5 . 17 . 19. In a similar way we have 
1 &cl33 1= 2” .35 . 5 . 17 . 19. 
Our next objective is to determine the conjugacy classes of subgroups of 
J generated by a pair of subgroups (H, K) in Q,, or Qzs . It is an elementary 
fact that a Sylow 2-subgroup of PSL,(17) is isomorphic to D, and that its 
two D,-subgroups are contained in nonconjugate S,-subgroups. Hence by 
Lemma 7.12, a PSL,(l7) subgroup of J may be generated by a pair of 
subgroups (H, K) which may be chosen from J2u or Qgs. Each PSL,(17) 
subgroup of J may be generated by 2 . 32 . 17 pairs of subgroups of Q,, and 
by 2 . 3” . 17 pairs of subgroups of Q,, . Thus a conjugacy class of PSL,(17)- 
subgroups of J contributes (2 . 32 . 17)(23 . 3s . 5 . 19) = 2” . 35 . 5 . 17 . 19 
pairs to each B,, and Qn,, . This proves that every subgroup of J generated 
by a pair from Q,, is isomorphic to PSL,(17). Finally we note that the con- 
jugacy class of those PGL,(9)-subgroups of J, which normalize 3,-pure 
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subgroups of J, contributes (2 . 3s . 5)(23 . 33 . 17 19) = 2” . 3” . 5 . 17 . 19 
pairs to Qn,, . This accounts for all the remaining pairs in Q,, ~ Since every 
PGL,(9)-subgroup of ] must be generated by a pair from Q,, or 9,, we have 
proved: 
LEMMA 7.14. J has exactly one cozjugacy class of PGL,(9)-subgvoups~ 
namely those which normalize 3,-pure subg,groups of J. 
Remark. One may show directly that if (H, K) E fir, or & then 
(El, K> s PSL,(17) or PGL,(9) thus giving an independent proof of the 
existence of PSL,(17) in J. 
In order to show that J has no self-normalizing &subgroups we introduce 
j*, the unique 3-fold proper covering of J. Using the “Brauer trick” on a 
certain character of J” we show that if there are any self normalizing A,- 
subgroups of J, then every self normalizing &subgroup of J is contained 
in one, and applying 7.7 we arrive at a contradiction to Lemma 7.14. To the 
best of our knowledge this is the first time the “Brauer trick” has been used 
to prove the nonexistence of certain proper subgroups of a group. Let p be 
the natural homomorphism of J* onto J. For H a subgroup of J, we denote 
by H* the inverse image in J* of H under p. Because A, and PSL,(19) have 
Schur multipliers of order prime to 3, the conjugacy classes of subgroups 
of / isomorphic to A, and PSL,(19) respectively are exactly as in J. We will 
denote by 9;” (; = 1,2 or 3) the conjugacy classes of As-subgroups of J* 
which correspond under p to gi (; = 1,2 or 3). 
LEMMA 7.15. The A,-subgroups of R E gz* and S E gj* (i! j = 1, 2 or 3) 
are conjugate ilt J*. 
Aoof. As in J, every subgroup in g’i* (i =: 1, 2 or 3) is contained in a 
PSL,( 19)-subgroup of J* with the subgroups in gz* occurring as the 
intersection of two nonconjugate P&.(19)-subgroups of J*. Hence conjugates 
of R and S may be chosen to be in the same PSL,(19)-subgroup of J* as 
T E gi,*. Since PSL,(19) has one conjugacy class of &-subgroups, the 
result follows directly. 
LEMMA 7.16. If R E ai* (i = 1, 2 or 3) and K is an S,-subgroup of 
y* such that R n K s A, then p((R, K;) s A, . 
Proof. We apply the “Brauer Trick” to R, K and a faithful character x 
of J* of degree 171 such that x(a) = I I for a: an involution of J*. The 
multiplicities of the principal character in the restriction of x to R, K and 
R n K are 6, 12 and 17, respectively. Since 6 + 12 > 17 it follows that 
(R, K) is a proper subgroup of J*. Thus A = p(<Ri K)) is a proper subgroup 
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of J with an &subgroup p(R) from Bi (; f 4) and an S,-subgroup p(K) 
which intersects p(R) in an AA-subgroup. Any subgroup of J with order a 
multiple of 23 . 3 . 5 (the least common multiple of the orders of A, and S,) 
is isomorphic either to A, or to a subgroup of one of the groups encountered 
in 2.4(a), 2.4(b), 3.4(b), and 5.1(a). However, it is only in 2.4(b), where the 
groups are conjugate to NJ(V), that there could possibly be any &-subgroups 
from B’i (i f 4). But in NJ V) every S,-subgroup has nontrivial intersection 
with V and thus cannot possibly intersect any As-subgroup of N,(V) in an 
&subgroup. Consequently, A = p((R, Kj) can only be isomorphic to d, . 
Suppose now that there exists in J a subgroup A isomorphic to A, with 
C,(-4) = 1; i.e., A has type (gi, gj) (i,j = 1, 2 or 3). It is apparent from 
the generators and relations of a Sylow 3-subgroup of J* given in [7] that a 
Sylow 3-subgroup of A* splits over Z( J”) and hence A* E Z, x A,. Let 
3 be the unique A,-subgroup of A* and let R be an &subgroup of B 
which we may choose from gi* (i = 1, 2 or 3). Since it is possible to find in 
B an S,-subgroup K whose intersection with R is isomorphic to A,, it 
follows by Lemma 7.15 that it is possible to find for any S E gk* (K = 1,2, 3) 
a conjugate of K in J*, say g, whose intersection with S is also isomorphic 
to A,. By Lemma 7.16, p(<K, S)) g A, and we conclude that any A,- 
subgroup in .G&i (i = 1, 2 or 3) is contained in an A,-subgroup of J or more 
generally, any As-subgroup of J of type (2, 3,) 5) is contained in an 
As-subgroup of J. This however implies, by Corollary 7.7, that J has at 
least two conjugacy classes of R%&(9)-subgroups contradicting Lemma 7.14. 
Therefore our assumption that J contains an A,-subgroup with trivial 
centralizer in J is false and we have proved 
LEMMA 7.18. J has precisely one conjugacy class of A,-subgroups, rtameb 
those which centralize 3,-pure subgroups of J. 
8. PROOF OF THEOREM I 
Since every maximal subgroup of J is either p-local or the normalizer of 
a nonabelian simple proper subgroup of J, the candidates for maximal 
subgroups of J are the p-local encountered in Lemmas 2.4 and 3.4 and the 
normalizers of simple subgroups encountered in Lemmas 5.3, 5.6, 6.2, and 
7.6. An examination of the orders of the p-locals in 2.4 and 3.4 shows that 
none of them is contained in any other nor in any of the normalizers of simple 
subgroups appearing in 5.3, 5.6, 6.2, and 7.6. In particular, all these p-locals 
are maximal subgroups of J. A similar argument shows that PSL,(17), 
PSL,( 19) and the normalizer in J of PSL,( 16) are all maximal subgroups of J. 
That there are two classes of PSL,(19)-subgroups is established in 5.5. If R 
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is an &subgroup of J, then by 6.2, N,(R) = R x C,(R), so if C,(R) is 
nontrivial then N,(R) is a proper subgroup of thep-local subgroup NJ(CJ(R)): 
whereas if C,(R) is trivial then by 6.8, R = NJ(R) is a proper subgroup of 
PSL,(19). Finally, if A is an &subgroup of J, then by 7.18, C’,(A) = B 
is a 3,-pure subgroup of order 3 so that iVJ(A) = NJ(B) which has already 
appeared as a maximai p-local in 3.4. This completes the proof of Theorem I. 
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